3. Our method leads to increases in precision for estimating population density and 26 parameters of ordinary SCR models. Importantly, we also find that SCR models alone can 27 estimate parameters of resource selection functions and, as such, SCR methods can be used 28 as the sole source for studying space-usage; however, precision will be higher when telemetry 29 data are available. 4. Finally, we find that SCR models using standard symmetric and stationary encounter 31 probability models produce biased estimates of density when animal space usage is related to 32 a landscape covariate. Therefore, it is important that space usage be taken into consideration, 33 if possible, in studies focused on estimating density using capture-recapture methods. 
Introduction

39
Spatial capture-recapture (SCR) models are relatively new methods for inference about 40 population density from capture-recapture data using auxiliary information about individual we suppose that the J traps are operated for K periods (e.g., nights), and the observations are We develop the model here in terms of a discrete landscape purely for computational 127 expediency. This formulation will accommodate the vast majority of actual data sets, as 128 almost all habitat or landscape structure data comes to us in the form of raster data. Let 129 x 1 , . . . , x nG identify the center coordinates of a set of nG pixels that define a landscape. In
130
SCR studies, a subset of the coordinates x will correspond to trap locations where we might 131 observe individuals whereas, in telemetry studies, animals are observable (by telemetry fixes)
132
at potentially all coordinates.
133
Let z(x) denote a covariate measured (or defined) for every pixel x. For clarity, we 134 develop the basic ideas here in terms of a single covariate but, in practice, investigators
135
typically have more than 1 covariate, which poses no additional problems. We suppose that 136 a population of individuals wanders around space in some manner related to the covariate 137 z(x), and their locations accumulate in pixels by some omnipotent accounting mechanism.
138
We will define "use of x" to be the event that an individual animal appeared in some pixel process. However, to understand space usage, it is not necessary to entertain explicit models 143 of movement, just to observe the outcomes, and so we don't elaborate further on what could 144 be sensible or useful models of movement.
145
Suppose that an individual is monitored over some period of time and a fixed number,
146
say R, of use observations are recorded. Let n(x) be the use frequency of pixel x for that 147 individual. i.e., the number of times that individual used pixel x during some period of time.
148
We assume the following probability distribution for the nG × 1 vector of use frequencies:
where π is the nG × 1 vector of use probabilities with elements (for each pixel):
This is the standard RSF model (Manly et al., 2002) used to model telemetry data. The 151 parameter α 2 is the effect of the landscape covariate z(x) on the relative probability of use.
152
Thus, if α 2 is positive, the relative probability of use increases as the value of the covariate 153 increases. In practice, we don't get to observe {n(x)} for all individuals but, instead, only 154 for a small subset say i = 1, 2, . . . , N tel , which we capture and install telemetry devices on.
155
For the telemetered individuals, we assume they behave according to the same RSF model
156
as the population as a whole, which might be justified if individuals are randomly sampled 157 from the population.
158
We extend this model slightly to make it more realistic spatially and also consistent 
where α 1 = 1/(2σ 2 ) describes the rate at which encounter probability declines as a function setting α 2 = 0, then this implies probability of use for pixel x is:
Therefore, for whatever model we choose for p(x, s) in an ordinary SCR model, we can 178 modify the distance component in the RSF function in Eq. 2 accordingly to be consistent 179 with that model, by choosing π(x|s) according to
As an illustration of space usage patterns under this model, we simulated a covariate 181 that represents variation in habitat structure ( α 1 = 1/(2σ 2 ) with σ = 2 and the coefficient on z(x) set to α 2 = 1. These space usage 185 densities -"home ranges" -exhibit clear non-stationarity in response to the structure of the underlying covariate, and they are distinctly asymmetrical. We note that if α 2 were set to 0, 
In this case, the number of visits to any particular cell is affected by the covariate z(x)
197
but has a baseline rate (exp(a 0 )) related to the amount of movement occurring over some 
Random Thinning
208
Suppose our sampling is imperfect so that we only observe a smaller number of telemetry 209 fixes than actual use frequency, n(x). We express this "thinning" (or sampling) by assuming 210 the observed number of uses is a binomial random variable based on a sample of size n(x):
Then, the marginal distribution of the new random variable m is also Poisson but with
Thus, the space-usage model (RSF) for the thinned counts m is the same as the space-usage and so the constants a 0 and φ 0 cancel from both the numerator and denominator. Thus,
218
the underlying RSF model applies to the true unobserved count frequencies n and also those 219 produced by a random thinning or sampling process, m.
220
In summary, if we conduct a telemetry study of i = containing trap j and was detected. We imagine that y ij is related to the latent variable m ij 248 being the event m ij > 0, as follows:
where
This is the complementary log-log link relating p ij to log(λ ij ), setting λ ij ≡ λ(x j |s i ):
and we collect the constants so that α 0 = log(φ 0 ) + a 0 is the baseline encounter rate which unlikely in practice to expect the two samples to be completely reconcilable and that the 265 independence formulation is the most generally realistic.
266
Regarding the two data sets as being independent, our approach here is to form the 267 likelihood for each set of observations as a function of the same underlying parameters 268 and then combine them. In particular, let L scr (α 0 , α 1 , α 2 , N ; y scr ) be the likelihood for the 269 SCR data in terms of the basic encounter probability parameters and the total (unknown) 270 population size N , and let L rsf (α 1 , α 2 ; m rsf ) be the likelihood for the RSF data based on 271 telemetry which, because the sample size of such individuals is fixed, does not depend on N .
272
Assuming independence of the two datasets, the joint likelihood is the product of these two 273 pieces:
In what follows, we provide a formulation of each likelihood component. An R function for
275
obtaining the MLEs of model parameters is given in Appendix 1.
276
We adopt the notation f (·) to indicate the probability distribution of whatever observ-277 able quantity is in question. e.g., f (u) is the marginal distribution of u and f (u|v) is the 278 conditional distribution of u given v, etc. We use g(·) to represent the probability distribu-279 tion of latent variables. The observation model for the SCR data for individual i and trap 280 j, from sampling over K encounter periods, is:
We emphasize that this is conditional on the latent variables s i (which appear in the distances The joint distribution of the data for individual i, conditional on s i , is the product of J 288 binomial terms (i.e., the contributions from each of J traps): 
where, under the uniformity assumption, we have g(s) = 1/||S||. The joint likelihood for all 293 N individuals, is the product of N such terms:
In practice, we don't know N and so we can't just compute the SCR likelihood in this manner.
295
Instead, we compute the contributions of the n observed individuals directly as given above,
296
but then we have to compute the likelihood contribution for the "all 0" encounter history, 297
i.e., that corresponding to unobserved individuals. The mechanics of computing that are the 298 same as for an ordinary observed encounter history, requiring that we integrate a binomial 299 probability of 0 over the state-space S:
We then have to deal with the issue that n itself is a random variable, and that leads to 
For the RSF data from the sample of individuals with telemetry devices we adopt the 305 same basic strategy of describing the conditional-on-s likelihood and then computing the 306 marginal likelihood by averaging over possible values of s. We have m i , the nG × 1 vector 307 of pixel counts for individual i, where these counts are derived from a telemetry study or 308 similar. We index these elements as m ig for individual i and grid cell g, noting that our index 309 j is reserved only for trap locations, which are a subset of the nG coordinates x 1 , . . . , x nG .
310
The conditional-on-s i distribution of the telemetry data from individual i is, omitting the 311 multinomial combinatorial term which does not depend on parameters,
and therefore the likelihood for the RSF data is
A key technical aspect of computing these likelihoods is the evaluation of the 2-dimensional 316 integral over the state-space S, which we approximate (Appendix 1) by a summation over a 317 fine mesh of points. We note also that the binomial form of the likelihood here is expressed 318 in terms of the parameter N , the population size for the landscape defined by S. Given S, 319 density is computed as D(S) = N/area(S). In our simulation study below we report N as 
Simulation Analysis
324
We carried-out a simulation study using the landscape shown in Fig. 1 , and based on 
337
In addition to simulating data from this capture-recapture study, we simulated 2, 4, 8, 12,
338
16 telemetered individuals to assess the improvement in precision as sample size increases.
339
For all cases we observed 20 telemetry fixes per individual, assuming individuals were using 340 space according to a RSF model with the same parameters as those generating the SCR data.
341
We simulated 500 data sets for each scenario and, for each data set, we fit 3 models: (i) the In terms of RMSE for estimating N , we see that (Table 1) N as we saw previously). Improvement due to adding telemetry data diminishes as the 377 expected sample sizes increases, and so telemetry data does less to improve the precision of 378σ andα 2 for N = 200 than for N = 100. This is because the SCR data along are informative 379 about both of those parameters.
380
The results as they concern likelihood estimation of N suggest that there is not a substan-381 tial benefit to having telemetry data. Estimators "SCR only" and "SCR/RSF" both appear We have shown that one can estimate RSF model parameters directly from SCR data alone.
434
While further exploration of this point is necessary, it does establish clearly that SCR models for space usage when important covariates are known to influence space usage patterns.
448
Use of telemetry data in capture-recapture studies has been suggested previously. For ex-449 ample, White and Shenk (2001) and Ivan (2012) suggested using telemetry data to estimate 450 the quantity "probability that an individual is exposed to sampling" but their estimator 451 requires that individuals are sampled in proportion to this unknown quantity, which seems 452 impossible to achieve in many studies. In addition, they do not directly integrate the teleme-
453
try data with the capture-recapture model so that common parameters are jointly estimated.
454
In fact, they don't acknowledge shared parameters of the two models. Sollmann et al. (2012) 455 did recognize this, and used some telemetry data to estimate directly the parameter σ from
456
the bivariate normal SCR model in order to improve estimates of density. This was an 457 important conceptual development in the sense that it recognized the relationship between
458
SCR models and models of space usage, but their model did not include an explicit resource 459 selection component, and they did not implement a joint estimation framework.
460
We developed a formal analysis framework here based on marginal likelihood (Borchers the increased number of times the components of the likelihood would need to be evaluated.
464
We imagine that some problems would benefit from a Bayesian formulation, however. For 
469
In our formulation of the joint likelihood for RSF and SCR data, we assumed the data 470 from capture-recapture and telemetry studies were independent of one another. This implies 471 that whether or not an individual enters into one of the data sets has no effect on whether
472
it enters into the other data set. Table 3 : Mean and RMSE of the sampling distribution of the MLE for model parameters for the N = 100 and "low p" case. For each of 500 simulated data sets, a model was fit using the SCR likelihood only, the joint SCR/RSF likelihood, and the RSF likelihood only. For the latter, the parameter N is not statistically identifiable.
Estimator Fig. 1 ). Plotted value is the multinomial probability π ij for pixel j under the model in Eq. 2.
